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SUMMARY

The research reported herein involved the study of the transient motion of a system consisting of an
incompressible Newtonian fluid in an annulus between two concentric, rotating; rigid spheres. The primary
purpose of the research was to study the use of a numerical method for analysing the transient motion that
results from the interaction between the fluid in the annulus and the spheres which are started suddenly by
the action of prescribed torques. The problems considered in this research included cases where: (a) one or
both spheres rotate with prescribed constant angular velocities and (b) one sphere rotates due to the action
of an applied constant or impulsive torque.

In this research the coupled solid and fluid equations were solved numerically by employing the finite
difference technique. With the approach adopted in this research, only the derivatives with respect to spatial
variables were approximated with the use of the finite difference formulae. The steady state problem was also
solved as a separate problem (for verification purposes), and the results were corpared with those obtained
from the solution of the transient problem. Newton’s algorithm was employed to solve the algebraic
equations which resulted from the steady state problem, and the Adams fourth-order predictor—corrector
method was employed to solve the ordinary differential equations for the transient problem. Results were
obtained for the streamfunction, circumferential function, angular velocity of the spheres and viscous
torques acting on the spheres as a function of time for various values of the system dimensionless parameters.
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INTRODUCTION

The problem involving the steady state motion of a viscous incompressible fluid contained in an
annulus between two concentric spheres which rotate about a common axis with an angular
velocity which has been prescribed a priori has been the subject of extensive research in
engineering, meteorology and geophysics. Proudman,! Stewartson,? Carrier,> Haberman* and
Munson and Joseph® obtained an approximate analytical solution to the problem involving the
flow in an annulus between two spheres rotating with prescribed constant angular velocities.
Pedlosky® extended the problem to include temperature effects. Dennis and Singh’ solved this
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problem by employing a quasi-analytical method; i.. they expanded the streamfunction, vorticity
and circumferential function in a series of orthogonal functions and then solved the resulting
system of ordinary differential equations numerically. Greenspan,® Schultz and Greenspan,’
Schrauf'® and Bar-Yoseph et al.!! solved this problem by employing the numerical finite
difference and finite element methods.

Experimental results have been obtained for the steady state problem by a number of
investigators. Sorokin et al.,'* Khlebutin,! Zierep and Sawatzki,'* Munson and Menguturk,'®
Wimmer,'%!7 Nakabayashi'® and Waked and Munson'® 2° studied the problem involving flow
in an annulus between two spheres where either the inner or the outer sphere rotates with
constant angular velocity. Munson and Douglas?* obtained experimental results for the problem
where the inner sphere is subjected to a prescribed oscillatory (sinusoidal) motion.

The problem involving the transient motion of a fluid contained in an annulus between two
concentric rotating spheres has received less attention in the literature. Pearson,??'2* Dennis and
Quartapelle,?* Krause and Bartels?® and Bartels2® employed the finite difference method to
obfain a solution to the transient problem for the case where one of the spheres is suddenly
rotated with a prescribed constant angular velocity. The study of this problem for a sphere
rotating in an infinite medium has been conducted by Illingworth,?” Benton,?8 Barrett,2° Dennis
and Ingham,3° Dennis et al.3! and Takagi.3? To date, there has been no published research
involving the transient motion of a viscous fluid contained in an annulus between rotating
spheres where the angular velocities of the spheres is not prescribed a priori; i.e. where the motion
of the system is a result of the coupling (interaction) between the fluid and the spheres. Recently,
Gagliardi®? studied this problem for low Reynolds numbers by employing the perturbation
technique.

The primary purpose of this research was to study the use of a numerical method for analyzing
the transient flow of a viscous incompressible fluid contained in an annulus between two spheres
which are started suddenly by the action of prescribed torques instead of prescribed angular
velocities. The equations of motion for the rigid body and the fluid were expressed in terms of a
streamfunction (¥), a circumferential function (2) and a vorticity function (¢) and then reduced to
a system of ordinary differential equations by employing the finite difference method. The Adams
fourth-order predictor—orrector method was employed to solve these equations. The steady state
problem was also solved as a separate problem (for verification purposes) by employing Newton’s
algorithm. Results for ¥, Q, angular velocities of the spheres, viscous torques and fluid angular
momentum were obtained as a function of various values of the dimensionless parameters.

BASIC EQUATIONS

The system under study consists of an isothermal, incompressible, Newtonian fluid contained in
an annulus between two concentric rotating rigid spheres (see Figure 1). The inner and outer radii
of the annulus are RY and R respectively. The spheres are assumed to be rigid and constrained to
rotate about the z*-axis under the action of externally applied torques.

The fluid velocity components in the direction of the spherical co-ordinates r*, § and ¢ are
given as u*, v* and w* respectively. These components are independent of the co-ordinate ¢ due
to symmetry about the spin axis. The transformation equations which relate the fluid velocity
components to the streamfunction (¥*) and circumferential function (Q*) are given as

1 1 Q*

* \P* v*= . * * __ 1
- % : h wh=—"
r*2sing %’ r¥sinf ™’ r*sing’ ()
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Figure 1. Notation for flow in spherical annulus

where
W =0¥*/00, P, =0¥*/or*.

The form of equation (1) for u* and v* is such that the continuity equation is automatically
satisfied. The system variables in this equation are expressed in dimensionless form by employing
the transformations

t¥y*

r=r*/Rg’ t=R*2’
0

o=0*/of, ¥=Y*/ojRE, Q=Q*/w§RE*, (2)
where v* is the kinematic viscosity, R¥ is an arbitrary reference radius and w{ is a reference
angular velocity.

The equations of motion for the fluid are obtained by taking the curl of the Navier-Stokes
equations. This yields

lP,rQ,O - \P,Og,r

— = 2
Q,—Re, r?sin 6 b, .
2Re,Q , Re,
_ - | =
Cat—rgzg [Aercosf—Qgsin 01— g L¥rlo—¥ol,]
+ 2Rl o5 0—W ysin 0]= D2 (3b)
Psin2g - T oSV T HesEI=
(=D, (9)

where
{=C*/wk R¥ ({* is the vorticity function),
Re,=w}R}*/v* (Reynolds number based on R§=Rj,q=1,2), (3d)

L _Q , 0% 1 & coth 0
b= ST PewmtEw e @ ()



692 J-K. YANG ET AL.

The steady state equations of motion for the fluid are obtained from equation (3) by dropping the
transient terms.

The equations of motion for the inner and outer spheres rotating under the action of applied
torques are

72
gt f [R,(R2,[R,, 6, t]-2Q[R,, 6, t])] sin§ dO=N,, (4a)
(4]
where
J,=(—1)y4npFRE>/I}, {4b)
with p¥ the density of fluid and I} the mass moment of inertia of the inner or outer sphere;
N,=N¥*Re/I*w}?, (4c)
with N} the external torque applied to the inner or outer sphere;
R,=R}/R¥, w, =0} /0], 4d)

with w? the angular velocity of the inner or outer sphere and g= 1, 2 for inner and outer spheres
respectively.
The equations which result from the symmetry of the flow in the annulus are

Qfr, 0,11=0, (Sa)

Q,fr,n/2, 1)=0, {5b)

¥(r, 0,t]=0, (5¢)

Y(r, n/2, t1=0, (5d)

¢lr, 0, ¢]=0, (5¢)

{Lr, n/2, t]=0, (5)

{[R,, 6, t]1=¥_,[R,,0,t] q=1,2. (5g)
The conditions which must be satisfied at the interfaces of the fluid and solid are

Y[R, 0, t]=0, (6a)

¥,[R,, 8, ]1=0, (6b)

Q[R,, 0, t]=w R, sin*6, q=1,2. (6c)

The fluid inside the spherical annulus is assumed to be initially at rest; hence the initial
conditions for the fluid are

Qlr, 6, 01=¥[r, 6, 0]=0. 0

The cases which are considered in this research consist of the following, or combinations of the
following: (a) the inner (or outer) sphere is started suddenly from rest with a prescribed constant
angular velocity (i.e. step function input), with the opposite outer (or inner) sphere either fixed or
given a different prescribed angular velocity; (b) the inner (or outer) sphere is started from rest by
the action of a prescribed impulsive torque, with the opposite outer (or inner) sphere fixed or left
free to rotate. The reference angular velocity in case (a) was chosen to be the larger of the two
prescribed angular velocities. Note that for this case, equation (4a) is not required since w] is
prescribed. The reference angular velocities for cases involving the prescribed impulsive torque
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are given as
wi=N¥/I¥, ®8)

where N* is the magnitude of the torque impulse.

The viscous torque (77') acting on the inner or outer sphere can be evaluated by integrating the
shearing stress (t},) over the corresponding spherical surface. The expression for the dimen-
sionless torque is given as

x/2
Tq=% J (R,R,Q,[R,, 0,t1-2Q[R,, 0, t])] sin@ d0, )]
0
where:
_(3 7 «
T“_(§> u*of R¥3’ H _p’f"

and g=1, 2 for the inner and outer spheres respectively.
The fluid angular momentum (L) about the spin axis was employed in this research as a
quantitative measure of flow. The expression for the dimensionless angular momentum (L) is

7/2 "Rz

L,=4n [ f Qr?sin @ drdo, (10)
[} Ry

where

Ly=L}/ptw$RS’.

METHOD OF ANALYSIS
Finite difference model

In this study, the finite difference method was employed to solve the mathematical model given
in equations (3)(4). For this purpose, the domain was discretized by a uniform mesh as shown in
Figure 2. The discretized independent variables r; and 6; are defined as

r=>G—1DAr+r,,, i=1,2,...,N+1, (11a)
0,=(—1A6, j=1,2...,L+1, (11b)
where
l—r R i
Ar=—_12 ==t AD=— 11
r N T2 R, 2L (11¢)

The spatial derivatives of Q, ¥ and { at all boundary and first line interior nodes (see Figure 2)
were approximated by employing the fourth-order forward and backward finite difference
formulae. The spatial partial derivatives at all other interior nodes were approximated by
employing the fourth-order central difference formulae. The transient finite difference model for
the fluid was obtained by employing these equations to approximate all those terms in equations
(3) involving derivatives with respect to spatial variables. This yields a system of equations of the
form

Q) =£(Q, ?), (12a)
C;f;j)zgl(ﬂ’ ‘P’ €)9 (12b)
=AY, (12¢)
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N+3, D g 5
(N, 41

{1, 4)

(2, 41

{N+1, 3)
{4, 1)

(N+4,L)

(1,L+1) (N+1, L+1)
L+1) (1, L+1) N, L+4)
Figure 2. Discretization of region for finite difference method
where
Q2.2 Piz.2) (@2
Q= | Y= : | &=l : |
QW.L) PN, L) (L)
Q, ,=dQ,/dt, {,,=d{/de, A=[a;l,
fi» g1, a;; are functions defined in Reference 34, and
i=2,...,N, ji=2,..., L, I=1,..., (N=1)(L~-1)

The variable { was eliminated from equations (12) by differentiating equation (12¢) with respect

to time, inverting the resulting equation for ¥, and employing this in conjunction with equations
(12b) and (12c). This yields

) =, ), (132)
P =h(Q, ¥) (13b)

where h, are functions defined in Reference 34.

The finite difference form of the boundary equations was obtained by employing the forward
and backward finite difference formulae. This yields

QtP=0, i=2,...,N, i)
QELHD = L48Q00 360¢ L~V 4 [6Q¢-L-2 _3Q¢ L3 j=2 . . N, (145)



MOTION OF AN INCOMPRESSIBLE VISCOUS FLUID

i =0 =2 ..., N,
\Il(i,L+1)=0, i=2,..-,N9
(ev=0, j=1,...,N+1,

C(i,L+1)=0, i:l,...,N+1’

16w 3.5

L‘(IJ)_—_ A , j=2, ..., L,
. 16WW.0) _WpN-L,4)
C(N+1’J)= 6AF2 > ]=27 A

YON=0, j=1,....L+1,
YOE+LN=Q, j=1,...,L+1,
Qu’j)=w1R%Sin26j, j=1,...,L41,
QN* L) = ,R3sin?0;, j=1,...,L+1
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(14c)
(14d)
(14e)
(14f)

(14g)

(14h)

(14i)
(14))
(14k)
(141

The final form of the finite difference model (including the boundary equations) for the
transient case was obtained by combining equations (13) and (14). The general form of this model

can then be written as

9%..=Gy,

(15)

Table I. Case study designations: (a) prescribed angular velocity problem; (b) impulsive torque problem

(a) Case I Case II  Case Il
R{/R,=090 R,/R,=050 R;/R,=020
A B A B C D A B
w;=1 w,=0 w,=1 ;=0 w,=— W= W, = 0, =0
Re, w,=0 w,=1 w,=0 w,=1 w,=1 0, =-05 "“w,=0 w,y,=1
100 a-JA-1 a-1B-1 a-I1T1A-1 a-I1B-1 a-11C-1 a-1ID-1 a-IIIA-1  a-IIIB-1
500 a-IA-2 a-IB-2 a-ITA-2 a-11B-2 a-IIC-2 a-I1ID-2 a-IlTA-2  a-IIIB-2
1000 a-TA-3 a-1B-3 a-I11A-3 a-1IB-3 a-1IC-3 a-IID-3 a-IITA-3  a-1I1B-3
2000 a-IA4 a-1B-4 a-11A-4 a-11B-4 a-11C-4 a-IID-4  a-IlIA-4  a-I1IB4
3000 a-IA-S a-IB-5 a-I11A-5 a-1IB-5 a-1IC-5 a-IID-5 a-IITA-5  a-IIIB-5
(b) Case I Case 11 Case III
R;/R,=090 R{/R,=050 R,/R,=020
—J,=J,=1-63588 —J,=J,=4-58045 —~J,=J,=309110E1 —J,=J,=3-01865E3
A B C D A B A B
,(0)=1 w,=0 w(0)=1 N,=0 w,0)=1 w,=0 w,(0)=1 0, =0
Re, w,=0 w,(0)=1 N,=0 w,(0)=1 w,=0 w,(0)=1 ;=0 o,(0)=1
100  b-IA-1 b-IB-1 b-1C-1 b-ID-1 b-11A-1 b-IIB-1 b-1ITA-1  b-IIIB-1
1000 b-IA-2 b-1B-2 b-1C-2 b-ID-2 b-11A-2 b-11B-2 b-IITA-2  b-IIIB-2
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where
q=[Q ¥, 0,, 0,]", G=G, ¥, w,,w,, 1), k=1,...,2(N=-1)x(L-1)+2.

The general form of the finite difference model for the steady state problem was obtained by
dropping the transient terms in equation (15). This yields

G2, ¥, v,, w,)=0, (16)
k=1,2,... ,2IN=-D)x(L-1)+2.

Numerical solution of finite difference models

The finite difference equations for the steady state problem (equation (16)) were solved iteratively
by employing Newton’s algorithm. The equations for the transient problem (equation (15)) were
solved by employing the explicit Adams fourth-order predictor—corrector method. This method is
based on employing the third-order Adams-Bashforth algorithm for the predictor formula and
the fourth-order Adams—Moulton algorithm for the corrector formula. The necessary starting
values were obtained by employing the fourth-order Runge—Kutta algorithm. The viscous torque
(equation (9)) and the angular momentum of the fluid (equation (10)) were evaluated by
employing Simpson’s rule.

RESULTS

A computer program was developed to evaluate Q, W, T, and L, for each of the case study
problems. Numerical results were obtained by running this program in double precision for
various values of the dimensionless parameters. The designations for the different case studies
which are discussed in this paper are given in Tables I(a) and I(b). Results for other case studies,
including the constant torque problem, are discussed in Reference 34. Future reference to the
results obtained from a particular case study will be made by employing the unit code in the
tables; e.g. a-IA-1 refers to the prescribed angular velocity problem (a) with R,/R,=09, w, =1,
w,=0 and Re,=100.

Mesh size

The mesh size required to obtain the desired precision for a specific Reynolds number (Re,) was
based on the prescribed angular velocity problem, such that at steady state: (a) the values
obtained for the dimensionless torques at the inner and outer spheres were equal and opposite;
and (b) the dimensionless angular momentum for the fluid in the annulus attained a limiting
value. Results were obtained with decreasing mesh size until both of these conditions were
satisfied within three significant figures. Tyical results illustrating the effect of mesh size are shown
in Table II. In general it was found that the required mesh size decreased with increasing
Reynolds number and radius ratio R,/R,.

Results for prescribed angular velocity problem

Numerical results for Q2 and ¥ were obtained as a function of r, @ and ¢ for all of the case studies
designated in Table I(a). Typical results for the Q and ¥ contours are shown in Figures 3-11.
Contour plots for additional case studies can be found in Reference 34. As can be seen, for
Re, =100 the contours shown in Figures 3—6 are in close agreement with those obtained by
Gagliardi.?* Although not shown here, the contours presented in Figures 7-8 are also in good
agreement with those obtained by other investigators.®-”!!:22 However, the contours in Figures
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Table II. Effect of mesh size for case a-I1A-2

Mesh size(r x 0) -T, T, L,

8x8 0-86469 0-56228 0-18839
10x 10 0-82679 0-62159 0-19281
12x12 0-79996 0-67159 0-19706
10 x 20 0-82614 0-70274 0-20537
16 x 16 0-76955 0-74106 0-20397
16 x 20 0-76918 0-76669 0-20744
16 x 24 0-76909 0-77084 0-20811
16 x 26 0-76509 0-76850 0-20711

—— (Yang, et al)

¢ (Gagliardi, et al)

Figure 3. Plot of contour lines for ; case study a-IIA-1 (£=0-03)

9 and 10 (Re, =3000) are in slight disagreement with those obtained by Schultz and Greenspan.®
This is probably due to the fact that they employed lower-order finite difference derivative
formulae. Figure 11 illustrates the transient motion in the meridional plane at an early stage. A
comparison of Figure 11 with Figure 7 indicates the development of the fluid motion.

Values for the viscous torques (7,) for several cases are presented as a function of time in
Figures 12-14. These figures show that the magnitudes of the viscous torques T, and T, attain the
same asymptotic value at steady state. In general, although not shown in the figures, the time
required to attain steady state increases with decreasing radius ratio R, /R, . Figure 12 also shows
that the values for T, obtained from this investigation are in good agreement with those obtained
by Gagliardi.?3

The results for the steady state viscous torques (T,) are plotted as a function of the radius ratio
R, /R, for Re, =15 and 45 in Figures 15 and 16. The results in these figures are shown compared
to: (a) the limiting values (R,/R, — o) obtained from Dennis et al.;3! (b) values predicted by the
Couette flow theory (R, /R, —1);and (c) values obtained by Gagliardi.3* The values in the figures
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— (Yang, et al)
¢ (Gagliardi, et al)

Figure 4. Plot of contour lines for —¥ x 10%; case study a-IIA-1 (t=0-03)

— (Yang, et al)

o (Gagliardi, et al)

Figure 5. Plot of contour lines for Q; case study a-IIA-1 (steady state)
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— (Yang, et al)

o (Gagliardi, et al)

Figure 6. Plot of contour lines for —¥ x 10%; case study a-1IA-1 (steady state)

Figure 7. Plot of contour lines for —¥ x 10%; case study a-IIA-3 (steady state)
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Figure 8. Plot of contour lines for ¥ x 10% case study a-IID-2 (steady state)

Figure 9. Plot of contour lines for €; case study a-IIB-5 (steady state)
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Figure 10. Plot of contour lines for ¥ x 10*; case study a-IIB-5 (steady state)

Figure 11. Plot of contour lines for —'¥ x 10% case study a-II1A-3 (r=0-005)
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Figure 12. Plot of viscous torque versus time; case study a-I11A-1
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Figure 13. Plot of viscous torque versus time; case study a-IID-2
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Figure 14. Plot of viscous torque versus time; case study a-I[B-5
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are in good agreement with those obtained by Dennis et al.3! for R,/R,— 0. These figures
indicate that an annulus with R,/R; >4 (approximately) furnishes a reasonably good represen-
tation of the flow around a sphere rotating in an infinite medium for cases where Re, <45. They
also indicate that the results from this investigation approach those predicted from the Couette
flow theory as R,/R,—1 and are in good agreement with those obtained by Gagliardi3® when
R, /R <2-5 (approximately).

A comparison of the steady state torques (T,) obtained by several investigators is shown
in Tables 111(a) and III(b) for case studies a-ITA and a-IIB respectively. It can be seen from these
tables that the results from this investigation are in fairly good agreement with those obtained by
the other investigators.

5,7,24

Results for the impulsive torque problem

Typical results for contours of Q and ¥ for the impulsive torque problem are shown in Figures 17
and 18 at t=0-02. Contours for additional cases can be found in Reference 34. As can be seen, the
contours shown in these figures are in good agreement with those obtained by Gagliardi.3 In
general, the results obtained for the impulsive torque problem from this investigation were in
good agreement with those obtained by Gagliardi®® for all cases where Re, < 100.

Values of the viscous torques (T,) are shown plotted as a function of time in Figures 19 and 20
for two cases. The figures show that the viscous torque on the outer sphere increases with time
from zero to a maximum value and then decreases asymptotically back to zero. The corresponding
plots of the angular velocity {w,) versus time for these cases are shown in Figures 21 and 22.

Table III. (a) Comparison of T for case a-IIA. (b) Comparison of T, for

case a-1IB
(a) -1
Dennis Dennis Munson
and and and Present
Re, Singh’ Quartapelle?* Joseph?® study
100 0446 0445 0-446 0-446
500 0738 0770 0-741 0769
1000 0978 1-039 0-986 1-010
2000 1285 — — 1390
(b) T,
Dennis Dennis Munson
and and and Present
Re, Singh’ Quartapelle?* Joseph® study
100 0-500 0517 0-501 0499
500 0715 0-781 0-720 0716
1000 0-864 0928 — 0-863

2000 1-069 — — 1-068
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Figure 15. Plot of viscous torque (7',) versus radius ratio; case study a-IIA (Re, =15, steady state)
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Figure 16. Plot of viscous torque (T) versus radius ratio; case study a-IIA (Re, =45, steady state)

— (Yang, et al)
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Figure 17. Plot of contour lines for Q; case study b-1IB-1 (r=0-02)
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— (Yang, et al)

¢ (Gagliardi, et al)

Figure 18. Plot of contour lines for ¥ x 10% case study b-IIB-1 (¢ =0-02)
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Figure 19. Plot of viscous torque versus time; case study b-I1IA-1
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Figure 20. Plot of viscous torque versus time; case study b-IC-2
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Time

Figure 21. Plot of @, versus time; case study b-IIA-1
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Angular Veloclty

N i
0.000 0.026 0.080 0.078 0.100 0.126 0.180
Time

Figure 22. Plot of angular velocity versus time; case study b-1C-2

Figure 21 shows that the angular velocity of the inner sphere decays asymptotically from the
initial value to zero, while Figure 22 shows that the angular velocities of the inner and outer
spheres attain the same non-zero limiting value asymptotically. Figure 21 also shows that the
results from this investigation are in good agreement with those obtained by Gagliardi.??

CONCLUSIONS

The primary purpose of this research was to study the use of a finite difference method to analyse
the transient motion of a fluid contained in an annulus between two concentric spheres which are
started suddenly by prescribed torques. With the approach adopted, only the derivatives with
respect to spatial variables were approximated by the use of the finite differcnce derivative
formulae. This led to a finite difference model comprised of a system of ordinary differential
equations. This approach proved to be effective in view of the availability of efficient algorithms
for solving these equations.
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